An existence result for generalized vector equilibrium problems without pseudomonotonicity  by Zeng, Lu-Chuan & Yao, Jen-Chih
Applied Mathematics Letters 19 (2006) 1320–1326
www.elsevier.com/locate/aml
An existence result for generalized vector equilibrium problems
without pseudomonotonicity
Lu-Chuan Zenga, Jen-Chih Yaob,∗
a Department of Mathematics, Shanghai Normal University, Shanghai 200234, China
b Department of Applied Mathematics, National Sun Yat-sen University, Kaohsiung, 804, Taiwan
Received 1 June 2005; accepted 26 September 2005
Abstract
In this work, we introduce and study a class of generalized vector equilibrium problems for multifunctions which includes a
number of generalized vector variational inequality problems and generalized vector variational-like inequality problems as special
cases. By using the KKM–Fan theorem and Nadler’s result, we prove an existence theorem for solutions for this class of generalized
vector equilibrium problems in Banach spaces. Applications to generalized vector variational-like inequalities are given.
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1. Introduction
It is well known that variational inequalities have been extended and generalized for studying a wide class
of problems arising in mechanics and physics, economics and finance, transportation and operations research,
optimization and control problems, etc. Giannessi [7] was the first to introduce the vector variational inequality in
a finite-dimensional Euclidean space. Later on, many authors (see, e.g., [4,9,12,13,16]) investigated vector variational
inequalities in abstract spaces.
In 1999, Lee et al. [11] first established a vector version of Minty’s lemma by using Nadler’s result [15].
By using their result they considered vector variational-like inequalities for multifunctions under certain new
pseudomonotonicity conditions and certain new hemicontinuity conditions. Subsequently Khan and Salahuddin [8]
also established a vector version of Minty’s lemma and applied it to obtain an existence theorem for a class of vector
variational-like inequalities involving a compact-valued multifunction under certain similar pseudomonotonicity
conditions and similar hemicontinuity conditions.
On the other hand, the generalized vector equilibrium problems have been extensively studied by many authors (see,
e.g., [1–3,6,10,14]) since they include as special cases generalized vector variational inequality problems, generalized
vector variational-like inequality problems, generalized vector complementarity problems and vector equilibrium
problems.
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In this work we will introduce and study a class of generalized vector equilibrium problems for multifunctions
which includes a number of generalized vector variational inequality problems and generalized vector variational-like
inequality problems as special cases. By using the KKM–Fan theorem and Nadler’s result, we prove an existence
theorem for solutions for this class of generalized vector equilibrium problems in Banach spaces. Furthermore, this
existence theorem is applied to obtain a new existence result for solutions for the generalized vector variational-like
inequalities. We remark that we make no assumption of pseudomonotonicity in our existence results.
2. Preliminaries
In this section, we recall some definitions and lemmas which are essential for the rest of this work.
Definition 2.1. A multifunction F : K → 2Y is called a KKM-map if for every finite subset {x1, x2, . . . , xn} of K
we have co {x1, x2, . . . , xn} ⊆⋃ni=1 F(xi ) where co A denotes the convex hull of the set A.
Definition 2.2. Let f : K × K → Y be a vector-valued bifunction and g : K → K .
(i) f (x, y) is a Q-function with respect to y if for any given x ∈ K ,
f (x, ty1 + (1 − t)y2) ∈ t f (x, y1) + (1 − t) f (x, y2) + Q
for all y1, y2 ∈ K and t ∈ [0, 1] where Q is a closed and convex cone of Y with nonempty interior, i.e., int Q = ∅.
(ii) g is an affine mapping if for any y1, y2 ∈ K and t ∈ [0, 1],
g(ty1 + (1 − t)y2) = tg(y1) + (1 − t)g(y2).
Definition 2.3. Let T : X → 2Y . The graph of T , denoted by Gr(T ), is the following set:
Gr(T ) = {(x, y) : y ∈ T (x)}.
Definition 2.4. Let f : K × K → Y be a vector-valued bifunction. f (x, y) is said to be hemicontinuous with respect
to y if for any given x ∈ K ,
lim
t→0+
f (x, ty1 + (1 − t)y2) = f (x, y2)
for all y1, y2 ∈ K .
Lemma 2.1 ([5]). Let K be a nonempty and convex subset of a Hausdorff topological vector space X. Let G : K →
2X be a KKM-map such that for any y ∈ K , G(y) is closed and G(y∗) is compact for some y∗ ∈ K . Then there exists
x∗ ∈ D such that x∗ ∈ G(y) for all y ∈ K , i.e.,⋂y∈K G(y) = ∅.
Lemma 2.2 ([14]). Let Y be a topological vector space with a pointed, closed and convex cone C such that int C = ∅.
Then for all x, y, z ∈ Y , we have
(i) x − y ∈ −int C and x ∈ −int C ⇒ y ∈ −int C;
(ii) x + y ∈ −C and x + z ∈ −int C ⇒ z − y ∈ −int C;
(iii) x + z − y ∈ −int C and −y ∈ −C ⇒ x + z ∈ −int C;
(iv) x + y ∈ −int C and y − z ∈ −C ⇒ x + z ∈ −int C.
Lemma 2.3 ([15]). Let (X, ‖ · ‖) be a normed vector space and H be a Hausdorff metric on the collection C B(X)
of all closed and bounded subsets of X induced by a metric d in terms of d(u, v) = ‖u − v‖ which is defined by
H (A, B) = max
(
sup
u∈A
inf
v∈B ‖u − v‖, supv∈B infu∈A ‖u − v‖
)
,
for A and B in C B(X). If A and D are compact sets in X, then for each u ∈ A, there exists v ∈ D such that
‖u − v‖ ≤ H (A, D).
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3. Main results
In this section, we introduce and study a class of generalized vector equilibrium problems for multifunctions.
By using the KKM–Fan theorem and Nadler’s result, we prove an existence theorem for solutions for this class of
generalized vector equilibrium problems without a pseudomonotonicity assumption.
Theorem 3.1. Let X and Y be two real Banach spaces, K be a nonempty convex subset of X and {C(u) : u ∈ K } be
a family of closed convex solid cones of Y . Let T : K → 2L(X,Y ) be a nonempty compact-valued multifunction such
that for any u, v ∈ K ,
H (T (u + λ(v − u)), T (u)) → 0 as λ → 0+
where H is the Hausdorff metric defined on C B(L(X, Y )). Let f : L(X, Y ) × K × K → Y be an operator and
g : K → K and A : L(X, Y ) → L(X, Y ) be two continuous mappings. Suppose that the following conditions hold:
(1) for each u, v ∈ K , f (Atλ, vλ, g(vλ)) ∈ C(u),∀tλ ∈ T (vλ) where vλ := u + λ(v − u), λ ∈ (0, 1);
(2) the vector trifunction f satisfies the following conditions:
(i) the mapping (w, v) → f (w, v, u) is continuous for each u ∈ K ;
(ii) the mapping u → f (w, v, u) is continuous for each (w, v) ∈ L(X, Y ) × K ;
(3) the operator u → f (At, v, g(u)) is affine for each v ∈ K and t ∈ T (v);
(4) the mapping W : K → 2Y defined by W (u) = Y \ (int C(u)),∀u ∈ K has closed graph on K ;
(5) there exists a vector bifunction q : K × K → Y such that
(i) q(u, g(u)) ∈ int C(u),∀u ∈ K ;
(ii) q(v, g(u)) − f (At, v, g(u)) ∈ int C(u),∀u, v ∈ K , t ∈ T (v);
(iii) {v ∈ K : q(v, g(u)) ∈ int C(u)} is convex for each u ∈ K ;
(6) suppose additionally that there exists a nonempty, compact and convex subset D of K such that for each u ∈ K \D
there exists v ∈ D satisfying
f (At, v, g(u)) ∈ int C(u), ∀t ∈ T (v).
Then there exists u0 ∈ D such that for each v ∈ K there exists s0 ∈ T (u0) satisfying
f (As0, u0, g(v)) ∈ −int C(u0).
Proof. Define
G(v) = {u ∈ D : f (At, v, g(u)) ∈ int C(u),∀t ∈ T (v)}, ∀v ∈ K .
We first prove that for any v ∈ K , G(v) is closed. Let {un} be a sequence in G(v) such that un → uˆ. Then uˆ ∈ D
since D is compact. It follows from un ∈ G(v) that for each t ∈ T (v),
f (At, v, g(un)) ∈ int C(un).
Hence
f (At, v, g(un)) ∈ W (un) = Y \ (int C(un)).
Since the mapping u → f (w, v, u) is continuous for each (w, v) ∈ L(X, Y ) × K and g is continuous, we have
f (At, v, g(un)) → f (At, v, g(uˆ)). Since W has closed graph, we get that
f (At, v, g(uˆ)) ∈ W (uˆ).
Therefore f (At, v, g(uˆ)) ∈ int C(uˆ) and so G(v) is closed.
We now show that
⋂
v∈K G(v) = ∅. Indeed, since D is compact, it is sufficient to prove that the family {G(v)}v∈K
has the finite intersection property. Let {v1, v2, . . . , vn} be a finite subset of K and set B = co (D ∪ {v1, . . . , vn}).
Then B is a compact and convex subset of K .
We define two vector multifunctions F1, F2 : K → 2B as follows:
F1(v) = {u ∈ B : f (At, v, g(u)) ∈ int C(u),∀t ∈ T (v)}, ∀v ∈ K ,
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and
F2(v) = {u ∈ B : q(v, g(u)) ∈ int C(u)}, ∀v ∈ K .
From condition (5)(i)–(ii), we have
q(v, g(v)) ∈ int C(v)
and
q(v, g(v)) − f (At, v, g(v)) ∈ int C(v), ∀t ∈ T (v).
Now Lemma 2.2(i) implies that
f (At, v, g(v)) ∈ int C(v), ∀t ∈ T (v)
and so F1(v) is nonempty. Since F1(v) is a closed subset of a compact set B , we know that F1(v) is compact. Next,
we prove that F2 is a KKM-map. Suppose that there exists a finite subset {u1, u2, . . . , un} of B and λi ≥ 0, i =
1, 2, . . . , n, with
∑n
i=1 λi = 1 such that
u¯ =
n∑
i=1
λi ui ∈
n⋃
j=1
F2(u j ).
Then
q(u j , g(u¯)) ∈ int C(u¯), j = 1, 2, . . . , n.
From condition (5)(iii) we have
q(u¯, g(u¯)) ∈ int C(u¯),
which contradicts condition (5)(i). Thus F2 is a KKM-map. From condition (5)(ii) and Lemma 2.2(i), we have
F2(v) ⊆ F1(v),∀v ∈ K . In fact if u ∈ F2(v), then q(v, g(u)) ∈ int C(u). By condition (5)(ii), we have
q(v, g(u)) − f (At, v, g(u)) ∈ int C(u), ∀t ∈ T (v).
Consequently it follows from Lemma 2.2(i) that
f (At, v, g(u)) ∈ int C(u), ∀t ∈ T (v),
i.e., u ∈ F1(v). This shows that F1 is also a KKM-map. From Lemma 2.1, there exists u∗ ∈ B such that u∗ ∈ F1(v)
for all v ∈ K ; that is, there exists u∗ ∈ B such that
f (At, v, g(u∗)) ∈ int C(u∗), ∀v ∈ K , t ∈ T (v).
By condition (6), we get u∗ ∈ D and moreover u∗ ∈ G(vi ), i = 1, 2, . . . , n. Hence {G(v)}v∈K has the finite
intersection property and so
⋂
v∈K G(v) = ∅.
Suppose that there exists an u0 ∈ D such that
f (At, v, g(u0)) ∈ int C(u0)
for all v ∈ K and t ∈ T (v). For an arbitrary v ∈ K , letting vλ = λv + (1 − λ)u0, 0 < λ < 1, we have vλ ∈ K by the
convexity of K . Hence for all tλ ∈ T (vλ)
f (Atλ, vλ, g(u0)) ∈ int C(u0). (3.1)
Since the operator u → f (At, v, g(u)) of K into Y is affine for each v ∈ K and t ∈ T (v), we have
f (Atλ, vλ, g(vλ)) = f (Atλ, vλ, g(λv + (1 − λ)u0))
= λ f (Atλ, vλ, g(v)) + (1 − λ) f (Atλ, vλ, g(u0)).
Hence we derive
f (Atλ, vλ, g(v)) ∈ −int C(u0). (3.2)
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In fact suppose on the contrary that
f (Atλ, vλ, g(v)) ∈ −int C(u0).
Since −int C(u0) is a convex cone, we known that
λ f (Atλ, vλ, g(v)) ∈ −int C(u0).
Note that condition (1) implies
f (Atλ, vλ, g(vλ)) ∈ C(u0).
Thus we deduce that
(1 − λ) f (Atλ, vλ, g(u0)) = f (Atλ, vλ, g(vλ)) − λ f (Atλ, vλ, g(v)) ∈ C(u0) − (−int C(u0))
= int C(u0).
Therefore
f (Atλ, vλ, g(u0)) ∈ int C(u0)
which contradicts (3.1). Hence
f (Atλ, vλ, g(v)) ∈ −int C(u0).
Since T (vλ), T (u0) are compact subsets of L(X, Y ), by Lemma 2.2 for each tλ ∈ T (vλ) we can find an sλ ∈ T (u0)
such that
‖tλ − sλ‖ ≤ H (T (vλ), T (u0))
without loss of generality we may assume that sλ → s0 ∈ T (u0) as λ → 0+. Moreover we have
‖tλ − s0‖ ≤ ‖tλ − sλ‖ + ‖sλ − s0‖
≤ H (T (vλ), T (u0)) + ‖sλ − s0‖.
Since H (T (vλ), T (u0)) → 0 as λ → 0+ so we have tλ → s0. Thus from the continuity of A we get Atλ → As0 as
λ → 0+. Further, according to condition (2)(i) we have
f (Atλ, vλ, g(v)) → f (As0, u0, g(v)) as λ → 0+.
Consequently it follows from (3.2) and the closedness of Y \ (−int C(u0)) that
f (As0, u0, g(v)) ∈ −int C(u0)
for all v ∈ K . This completes the proof. 
Corollary 3.1. Let X and Y be two real Banach spaces, K be a nonempty convex subset of X, and {C(u) : u ∈ K }
be a family of closed convex solid cones of Y . Let T : K → 2L(X,Y ) be a nonempty compact-valued multifunction
such that for any u, v ∈ K ,
H (T (u + λ(v − u)), T (u)) → 0 as λ → 0+,
where H is the Hausdorff metric defined on C B(L(X, Y )), η : K × K → X be an operator, and A : L(X, Y ) →
L(X, Y ) be a continuous mapping. Define the vector trifunction f : L(X, Y ) × K × K → Y by
f (w, v, u) = 〈w, η(u, v)〉 + h(u) − h(v), ∀(w, v, u) ∈ L(X, Y ) × K × K .
Suppose that the following conditions hold:
(1) for each u, v ∈ K , 〈Atλ, η(vλ, vλ)〉 ∈ C(u),∀tλ ∈ T (vλ), where vλ := u + λ(v − u), λ ∈ (0, 1);
(2) f satisfies the following conditions:
(i) the mapping (w, v) → f (w, v, u) is continuous for each u ∈ K ;
(ii) the mapping u → f (w, v, u) is continuous for each (w, v) ∈ L(X, Y ) × K ;
(3) the operator u → f (At, v, u) is affine for each v ∈ K and t ∈ T (v);
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(4) the mapping W : K → 2Y defined by W (u) = Y \ (int C(u)),∀u ∈ K has closed graph on K ;
(5) there exists a vector bifunction q : K × K → Y such that
(i) q(u, u) ∈ int C(u),∀u ∈ K ;
(ii) q(v, u) − f (At, v, u) ∈ int C(u),∀u, v ∈ K , t ∈ T (v);
(iii) {v ∈ K : q(v, u) ∈ int C(u)} is convex for each u ∈ K ;
(6) suppose additionally that there exists a nonempty, compact and convex subset D of K such that for each u ∈ K \D
there exists v ∈ D satisfying
f (At, v, u) ∈ int C(u), ∀t ∈ T (v).
Then there exists u0 ∈ D such that for each v ∈ K there exists an s0 ∈ T (u0) such that
f (As0, u0, v) ∈ −int C(u0);
that is, there exists a solution u0 ∈ D of the following vector variational-like inequality: find u0 ∈ D such that for
each v ∈ K , there exists an s0 ∈ T (u0) such that
〈As0, η(v, u0)〉 + h(v) − h(u0) ∈ −int C(u0).
Example 3.1. Let X = Y = R2, K = (0, 1] × (0, 1] and C = R2− which is the non-positive orthant of R2. Let
η(x, y) = x and h(x) = x,∀x, y ∈ K with x = (x1, x2), y = (y1, y2). Let A ≡ I be the identity mapping on
L(X, Y ) and T : K → 2L(X,Y ) be defined as
T (x) := τ =
[
0 1
1 0
]
, ∀x = (x1, x2) ∈ K .
Then it is easy to see that conditions (1)–(5) of Corollary 3.1 hold for the bifunction q(x, y) = (x1 + x2 − (y1 +
y2), x1 + x2 − (y1 + y2)), and the trifunction f : L(X, Y ) × K × K → Y satisfying
f (At, y, x) = 〈At, η(x, y)〉 + h(x) − h(y)
= 〈τ, x〉 + x − y = (x1 + x2 − y1, x1 + x2 − y2).
If we take D = {x ∈ K : x1 + x2 ≥ 1, x = (x1, x2)}, then condition (6) of Corollary 3.1 holds. And also, the solutions
set for the vector variational-like inequality appearing in Corollary 3.1 is D = {x ∈ K : x1 + x2 ≥ 1, x = (x1, x2)}.
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